Frequency Clustering in a Chain of Weakly Coupled Oscillators
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A numerical simulation of a chain of diffusively coupled nonlinear oscillators with a linear param-
eter gradient exhibits clusters of frequencies. The intention was to investigate the frequency—gradient
in the stimulus conduction system of the heart. The phenomenon generalizes earlier findings on
“frequency plateaus” described in the 1960’s by Nicholas Diamant as a model of small-intestine
transport. This “waxing and waining” phenomenon is a version of chaos. Thus, subtle chaos in the
heart and waxing and waining type chaos in the intestine may be related.

1. Introduction

Weakly coupled oscillators with a gradient in their
natural frequencies show “frequency plateaus” as is
known both from experiment [1] and from a numeri-
cal confirmation on a digital computer [2]. The same
phenomenon was also simulated on an analog com-
puter [3] and analytically explained by Ermentrout
and Kopell [4]. Frequency gradients are of importance
for the small intestine since they enable directed food
transport in a structurally stable manner. While a pure
phase gradient would also be effective, it depends sen-
sitively on initial conditions and is not asymptotically
stable.

A frequency gradient is also a characteristic of the
stimulus conduction system in the mammalian heart
[16]. In the intestine the frequency plateaus were char-
acterized as “waxing and waining”, by Diamant [1],
[2]. In the heart, chaotic behaviour is known to oc-
cur [5]-[9]. In the following, several regimes will be
shown to arise in diffusively coupled oscillators with
a cross—activating type of coupling.

2. An Abstract Reaction System

We use the following abstract chemical kinetics:
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Reprint requests to Thomas Kirner.

S+A 2A

2A — B (1)
B —- P
A+B = (AB)—P+B

or, equivavently, in the so—called biochemical nota-
tion:
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The most sophisticated reaction (on the right) re-
presents a Michaelis—Menten kinetics (substrate A,
and B acting as the enzyme). The original substrate,
S, is supposed to be a “pool” substance, that is, to
remain (or be kept) approximately constant.

The rate equations of system (1) are, under the
usual idealizing conditions (activativities equal to
the concentrations, homogenous kinetics, isothermy,
etc.), as follows:
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3. Results

First, we consider the case of a single model com-
partment, obtained by putting either D = Oor D = oo.
It allows for oscillatory solutions as the most complex
dynamical behaviour since there are now only two
variables. A stable limit cycle is born out of a Hopf
Bifurcation. An unstable focus (a complex conjugate
pair of eigenvalues with a positive real part) can easily
be obtained in the Jacobian determinant of the locally
linearized system at the steady state.

Second, a diffusive coupling of two oscilla-
tors, with different parameter values in ks, led to
quasiperiodic-like behaviour in the parameter regime
studied numericaly. In principle the appearence of
chaotic behaviour has also to be reckoned with; com-
pare [10] for an analogous but inhibitorily coupled
system and [11] for the same system under a cross—
activating type of coupling. A variation in the strength
of the diffusive coupling or a variation in the pa-
rameter difference (gradient) both failed to produce
a higher complexity in the numerical investigations
performed. Only a near—zero Lyapunov characteristic
exponent was found numerically beside the trivially
zero one and two negative ones. That is, there was a
quasiperiodic window, sandwiched between two pe-
riodic regimes of negative LCE’s. Wether one has a
periodic regime or a quasiperiodic window depends
on the strength of coupling. In the simulation the
quasiperiodic regime occured at 0.05 < D < 0.2,
while k5 was 0.15 in one oscillator and 0.1 in the other;
the rest of the parameters was k; = 1.0, k; = 4.8,
ky=3.1,ks =3.0and K,,, = 0.03.

Third, eight oscillators (n = 8) were coupled in a
parameter gradient. That is, the constant ks was var-
ied linearly from 0.85 (highest frequency) down to
0.15 (at the low frequency end) in equal steps (in 0.01
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Fig. 1. Frequency—clustering in a chain of eight coupled
cells. The cells are coupled with a parameter—gradient (cor-
responding to a frequency—gradient in the uncoupled case).
The coupling is performed via the activating variable, with
equal diffusive coupling constants D = 0.2. The other pa-
rameters are k; = 1.0, k, = 4.8, k3 = 3.1, K,, = 0.03 and
ks = 3.0; ks goes from 0.85 (oscillator with the highest in-
trinsic frequency) down to 0.15 (oscillator with the lowest
intrinsic frequency).

decrements). The intrinsic frequencies of the oscilla-
tors thereby obtained under a condition of uncoupling
(D = 0)were 0.3669; 0.3479; 0.3238;0.2978;0.2671;
0.2312; 0.1876 and 0.1351 per time unit. Under a
variation of the diffusive coupling constant D, a tran-
sition from the uncoupled quasiperiodic behaviour
(with eight exactly zero Lyapunov characteristic ex-
ponents) toward one with eight close to zero Lya-
punov characteristic exponents occured, numerically.
Then, a transition to chaotic behaviour (with several
markedly positive LCEs) was found. In an interme-
diary range, a characteristic regime occured — “subtle
chaos”. It occurs in the vicinity of a higher—order torus
(n—torus) and possesses only one small—positive Lya-
punov characteristic exponent. Its Lyapunov dimen-
sion [12] was D = n + ¢, whereby ¢ depends on the
diffusion constant D. As D varied from 0.1 to 0.2,
¢ varied between 0 and 0.5. Figure 1 represents a so
called Rob Shaw plot [13], obtained from the time se-
ries of the last (8th) oscillator. What is plotted are the
differences between the maxima of three consecutive
peaks, plotted against each other. This is similar to
an next—amplitude plot if the attractor is highly dis-
sipative (as is here the case). One sees a band-like
clustering in the attractor.

Finally, a numerical simulation involving 100 oscil-
lators (ks varied in a linear gradient from 0.3 to 0.25)
is shown in Figure 2. Hereby the oscillators were
diffusively coupled with zero flux boundary condi-
tions. Plateaus are visibly formed by oscillators with
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Fig. 2. Frequency—plateaus in a chain of a hundred cou-
pled cells. Space is along the horizontal axis, time’s axis
goes down vertically. White color encodes a high level of
A;. The coupled cells are subject to a parameter gradi-
ent (frequency gradient). The coupling is accomplished by
diffusion between the activating variables (with diffusive
coupling constant D = 0.025 through out). The other pa-
rameters are k; = 1.0,k = 4.8, k3 = 3.1, K,,, = 0.03 and
ks = 3.0; and ks goes down from 0.3 to 0.25. The oscillator
with the highest intrinsic frequency is on the left. The verti-
cal time difference is At = 32 time units, corresponding to
32000 time steps in a Runge—Kutta—forth order algorithm.

similar frequencies. The visible plateaus are not con-
stant over time.

4. Discussion

A numerical simulation of a chain of coupled oscil-
lators has been presented. The aim was to investigate
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the phenomena which arise when oscillators that are
subject to a parameter—gradient are coupled. The mo-
tivation was the frequency gradient known to exist
in the stimulus conduction system in the mammalian
heart and in the small intestine. Both systems have
a function of transport. The frequency gradient sta-
bilizes the transport in one direction and prevents a
“reflux”. We found — perhaps not surprisingly — that
in such a system chaotic behaviour can occur with-
out external influences. This result could explain the
endogenous frequency scatter in the heart which oc-
curs also in deafferenced hearts [14]. Our finding at
the same time confirms the intuitive impression, to
be gained from Diamant’s suminal papers, that what
he dubbed “waxing and waining” actually represents
a form of chaos. At the same time, an unexpectedly
close connection arises between heart and gut. Is the
“healthy irregularity of the heart” (Arnold Mandell
[15]) related to the healthy irregularities of other bod-
ily systems like the intestine and the brain?
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